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- 1. INTRODUCTION

IN practice the problem of estimation of parameters of a heterogeneous
population® is encountered on many occasions, specially in the pro-
duction of items on a large scale by a single machine or a group of
machines producing similar types of articles, where the chance of an
item to be defective may be attributed not only to one cause -but
several causes, for example, the defective material, defective machines,
human error, etc. The Poisson distribution, as is well known, is the
appropriate mathematical model for representing -such type of data
as the number of defects in a manufactured product. It is, thus, of

interest to the quality control engineers and research workers who are.

often confronted with the problem like that of estimating means and

variances of the number of defects, -particularly when samp]es are.

Teither- truncated or censored. 2 To s1mp11fy this an attempt has been
made in this paper to work olit Certain devices for deterrmnlng the

means and the variances from' a censored sample taken from a m]xture: )

of two "Poissonian sub-populations” ‘mixed in an unknown proportlon
P T pp_ Where p, is the complement of p,.  The more general case has
“also been considered in Section 6. The causes here are assumed to
be independent. ' '

The estimates of the parameters have been obtained by the method
of maximum likelihood. The solution of the equations is arrived at

with™ the help of iterative process by using Tables of Poisson. Distri-

bution by ‘Tosio Kitagawa.® The information matrix is given for
gvaliating the standard errors of the estimates. To illustrate the
practical application of the results a numerlcal example is added at
the end of the paper. T

T T T _k;.
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2. THE PoPULATION MODEL

Let the parent population be composed of two sub-populations
mixed in the proportion mentioned -above, each following the Poisson
distribution. The variate x;(i =1, 2) of the i-th sub-population is
assumed to have the cumulative distribution function,

B, () =1 —_g‘:f,(x)
where

qsi(x)=—e:;1f'i, 0< x< oo @.1)

If p, be the proportion of units pertaining to @, (0 and D, to
d, (c), then the population model may be written as

@ (c) = p1%1 (0) + P2 (9) (2.2)
and the density function
| $(0) = pihs () + Pushe (0) | 2.3)
and also

Ai=1— () N 2.4

A4 =1-— <1'_s(c)_ : : - (2.5)

where 4 is the probability that a unit falls outside the range (0 — ¢),
¢ is the censored point. )
3. THE MAXMUM LIKELIHGOD ESTIMATION

Given a random sample of size n, the probability density of r
units belonging to @; (c), r, units belonging to @,(c) and (n — r)
units falling outside the range (0 — ¢), may be written as

Py 1o, (n — 1)[m)

nl  Tpuda (Ve Ar—r
= Tt =i PP O [, (O] 4 5
r=ry-+r,. 3.1
The conditional "density of ordered observations x, x;, ... X, given

r; s

R 7! I_? bi (X)) ‘
P (X5 Xigy - oo Xiggf 1) = [gl(c)]T.' - ) (3.2
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The likelihood function may now be written as

: r r2 i ) ’
L=K 171 (}317 (x15) !H $a (xo5) Pr/1ps"2 A", -.3.3)
j= =1 :
whefe
K= n! :
=m=nl 3.4

Taking log of (3.3) and differentiating with respect to m,, m, and 'p,
we get

dlog L rnx

—'D‘n%‘ =—n + e P1¢1 (© .

dlogL ) 1'2)’62 n—r ' '
bm; =—ry+ —mz + Y PP (€) . (3.5

21 D

P, ()]

On equating each of (3.5) to zero, the estimating equ.ationsAare
attained as

= l'l'ilA I
1 A — (= 1) prga (©)
roXed

My = T 0 — D pea (©) .6

s _ r4
ﬁ {m—M@@—¢@1 1
rA .
M IACEERC)
where 7, i, and p, are the corresponding estimates of my, m, and
p;, the population parameters.

=0

The solution of equations (3.6) is- illustrated -in Section 5.

4. PRECISION OF ESTIMATES .-

To determine the asymptotic values of variances and covariances
of the estimates the information symmetric matrix I, 2,5, is given
below which on inversion will give us the. standard errors of the esti-

mates



PARAMETERS OF A MIXTURE OF TWO OR MORE POISSONIAN POPULATIONS 91 .

% P 711 he é hys
Ia, sy = nx'l L L l @.1
L .. sy
where
[l 4.0 my L
= [ (1 =8 ) — (1= 2)pe =D |
+2420) @.2)
_[L(; %0 my _
hyy = [mz( @22 (c)) ( )?2(0 iy}
+2420)] 4.3)
_ [P0 | Pule), {Di(c) — P2 ()}*]
hsy = [—p— + =22 7 } (4.4)
hs = p1paty (€) 62 (0). ‘ 4.5)
hyg = [D2 (¢c) — Dy ()] 1 (©) — A¢1 (©. 4.6)
hoy = [Py (c) — D, (C)]P2¢2 (©) + Ags (o). 4.7)

5. A NUMERICAL EXAMPLE

A random sample of size, n = 4981 is taken from Tables of Pois-
son Distribution by Tosio Kitagawa® which is constituted of two sub-
samples with m, =5, m, = 7. Let the subsample (1). be due to some
known cause and the subsample (2) due to some unknown cause.
The censored point ¢ is taken at 8. The data of Tables T and 1I
yield the following:

r, =2314; r, =1819; r =4133

r% =10837;  r.%, =10474; n—r= 848
CF —468; % =576; p =046
" Tasre I »

Defécts due to known cause

X, 1 2 3 4 5 6 7 8
fy 84 211 351 439 439 366 261 163
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B TaBLe II 1
Defects due to unknown cause

X, 1 2 3 4 5 6 7 8
£ 16 56 130 226 .319: 373 373 326

Starting with the first set of approximations given above, the sub- )
sequent five approximations are determined from equations (3.6) by
the use of iterative process. The results are given in Table III.

TABLE m

Tterated values

No. - - -
m,y msy . D1
1 519 7-89 0-44
2 491 671 - 0:50
3 5.06 7-09 0-50
4 5.03 699 0-50
5 5.03 6-99 0-50

"The oscillatory and converging tendéncy of the results, as it looks

from Table III, is a sufficient indication to throw light upon the
accuracy of the estimates.

6. THE MORE GENERAL POPULATION MODEL

Consider a mixture of M Poissonian sub-populations mixed in ‘
M

proportions pi: psi ... Py Py Where 0<p,<<1 and X p,=1.
i=1

Let the cumulative distribution function of the i~th sub-population
be @,(c, m;) which is independent of the proportion p;. The cumu-
lative distribution function of the parent population then may be written
as

M
Q(C’ my, My, ... mm) = p6¢4 (C, mi)-
. . = B

- (6.1
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A random sample of size n is drawn from this general mixture and
censored at the point ¢. Let r, be the number of measured observa-

M . -
tions belonging to the i-th sub-population, where X r, =r, then the
i=1

likelihood function may be written as
) M on ra ™ .
L=KII p 317 b1 (x1) IT 3 (X)) ... ;’Y b (%) A+ (6.2)
i=1 =1 j=1 =1

where .
A=1—D(c,my,m,, ... My -(6.3)
and’

n!
CENIE

K 6.4)

Following the procedure adopted in Section 3, the estimating equa-
tions are

N ri%,A . y
.= , I=1,2, ..M
T A =~ (=D pi (0
“ n—r
=21 0,00 - 0] 69
o Teooyo1,2 . M—1
pi . pM

The required estimates #,; and p; can be obtained by solving 2M — 1

equations of (6.5) simultaneously, which will give us 2M — 1 un-
M

knowns. The remaining p can be had from the relation  p, = 1.

i=1
7. SUMMARY

This paper deals with the problem of estimation of parameters
from a heterogeneous population which is constituted of two or more
sub-populations each following Poisson distribution. Maximum likeli-
hood equations are -derived for obtaining the estimates. Informa-
tion matrix is given for evaluating the standard errors of the estimates.
To illustrate the practical application of the results a numerical example
has also been discussed.
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